Abstract: We propose a development of the Analytic Hierarchy Process (AHP) permitting to use the methodology also in cases of decision problems with a very large number of alternatives evaluated with respect to several criteria. While the application of the original AHP method involves many pairwise comparisons between alternatives and criteria, our proposal is composed of three steps: (i) direct evaluation of the alternatives at hand on the considered criteria, (ii) selection of some reference evaluations; (iii) application of the original AHP method to reference evaluations; (iv) revision of the direct evaluation on the basis of the prioritization supplied by AHP on reference evaluations. The new proposal has been tested and validated in an experiment conducted on a sample of university students. The new methodology has been therefore applied to a real world problem involving the evaluation of 21 Social Housing initiatives sited in the Piedmont region (Italy). To take into account interaction between criteria, the Choquet integral preference model has been considered within a Non Additive Robust Ordinal Regression approach.
Introduction
Real world decision problems ask very often for methodological developments permitting to deal with their high complexity. When this happens, it is a very fortunate opportunity to advance both on the operational and the theoretical ground. Indeed, on one hand, the requirements emerging from the real world problem justify the methodological progress and prevent it from being relegated to a mere abstract level. Moreover, the successful application of the new methodology constitutes its best validation. On the other hand, the soundness of the theoretical basis of the new methodology contributes to improve the standard of the current practices in decision support.
The opportunity to progress on the methodological level starting from a real world problem is at the basis of this paper. Indeed we started our research from a real world problem acquiring more and more attention, that is the Social Housing (SH).
The SH projects are difficult to evaluate. The reason is mainly related to the fact that the SH concept has become increasingly complex from social, economic, financial, technical and environmental point of views. Moreover, while after the second world war the focal point of the SH was to provide houses to people in an emergency situation, over the last 20 years the human factor has become fundamental. The SH focus has shifted from the building to the people living in the building (CECODHAS Housing Europe, www.housingeurope.com). In this sense, the beneficiaries of the SH encompass people not having the minimum income needed to pay a rent on the regular real-estate market and people needing social support (Marx and Nolan 2012) .
The aforementioned changes are mainly due to the economic crisis that affected Europe in recent years causing an erosion of public and private economic resources and contributing to the growth of new phenomena. These multifaceted circumstances call for integrative approaches in order to consider properly all those aspects overcoming the mere approach based on the economic and technical feasibility of the projects (Lami and Abastante 2017) .
The new methodological approach we are proposing was applied to a real Italian case study that we had the opportunity to face thanks to the cooperation of the Programma Housing, which is an operating entity of the Italian Bank Foundation Compagnia di San Paolo located in Turin (Italy). The Programma Housing gives grant contributions to third bodies submitting innovative SH projects (from 2007, 6.150 .000 euro have been given). The research presented in the paper addresses the issue of evaluating SH projects proposing a methodological approach that allows to tackle decision problems characterised by: high number of alternatives to rank, qualitative and quantitative criteria which could violate the preference independence, the possibility for the Decision Maker (DM) to express her preferences only on the alternatives she knows best. Thus we imagined an approach permitting to organize the information by alternating stages of dialogue and calculation. The dialogue stages aim at collecting information directly from the DMs, which can reveal their preferences about the alternatives and the criteria at stake. The DMs preferences are in turn taken into account in the calculation stages. The methodological approach proposed is based on the conjoint application of Analytic Hierarchy Process (AHP) and Choquet integral within Robust Ordinal Regression ). There, the basic idea was the transformation of an objective numerical evaluation of a considered criterion in a subjective measure of attractiveness permitting comparability between performances of all criteria through application of AHP on a small set of reference levels for each criterion and interpolation for all other levels. For example, in a decision regarding cars, the objective numerical evaluation of the maximum speed of a given model is transformed through this methodology in a subjective utility value representing the attractiveness for the DM. In the real world decision problem considered in this paper, the methodological challenge of this approach was related to the presence of criteria for which there was not a pre-existing objective numerical evaluation, so that the interpolation proposed in Corrente et al. 2016 would not be applied. Instead, according to the basic AHP methodology, it would be necessary to build the prioritization of each alternative on the basis of the pairwise comparisons of each alternative with all the others. This would require asking the experts involved in the decision problem to supply a huge quantity of information, that is a comparison with respect to strength of the preference for all couples of alternatives with respect to all considered criteria. In the considered decision problem, with 21 alternatives and 9 criteria without a pre-existing numerical evaluation (there was also a tenth criterion with an objective numerical scale on which the interpolation procedure could be applied) it would be necessary to ask 210 pairwise comparisons for each one of the non-numerical criteria for a total of 1,890 pairwise comparison! This is a huge amount of preference information. To give an idea of the effort asked to the DM, let us suppose that for each pairwise comparison, in average, the experts take one minute. Then they should take 31 hours and half to supply all these preferences. Realistically, this cannot be asked to the experts. This bottleneck is well known in the literature on AHP: for example, Saaty and Odzemir (2007) demonstrate that, using AHP, the number of elements to be considered should be no more than seven. Thus, what to do? Should we renounce to the use of AHP in case of a number of alternatives larger than seven? As the reader can imagine this is a central problem for the application of a very well known and appreciated method as AHP. Indeed, real world decision problems very often have more than seven alternatives, and, even more, the case in which the alternatives are seven or less is really a small subset of the family of decision problems we encounter in real life. Thus, to handle our decision problem, but more in general, to get a new methodology permitting to use AHP also in case the number of alternatives is larger than seven, we developed a new methodology permitting to continue to use AHP, but reducing the preference information asked to the DM (in our case, the experts involved in the SH decision problem). The new proposal is composed of four steps: in the first step, the DM has to provide a direct rating of the alternatives on the considered criteria; in the second step the DM, in accordance with the analyst, has to select some reference evaluations on each criterion; in the third step, the DM has to compare the reference evaluations so that their prioritization is obtained by using the original version of the AHP method; in the fourth step, all the other evaluations are prioritized by interpolation according to the priority values obtained for the reference evaluations. The new proposal reduces in a considerable way the enormous cognitive effort asked to the DM in comparing alternatives and criteria in problems of big dimensions. However, it maintains the basic idea of AHP of relying on pairwise comparisons to prioritize the elements to be evaluated. Thus, beyond our specific decision problem, this is a procedure that can be applied in any case the application of original AHP is prevented by a number of alternatives larger than seven. In order to validate the new proposal, we conducted an experiment with around 100 students of the University of Catania (Italy) that were requested to evaluate the area of ten geometric figures. The students were split in two groups of similar size. All of them managed the same problem even if the components of one group applied the original AHP method, while the other ones used the methodology we are proposing. The results showed that the new proposal gives better results than those obtained using the original methodology. Beyond this experimental validation of the proposed procedure, we had also a practical validation given by the appreciation expressed by the experts involved in the SH decision problem. In fact, they were able to supply the information we asked them, understanding the use of this information and acknowledging the interest of the recommendation supplied by the decision aiding procedure.
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The paper is organised as follow. In the next section, we recall the basic concepts of the Choquet integral, Non Additive Robust Ordinal Regression (NAROR) and AHP, with a specific focus on how to use the latter for the definition of the evaluation scales and the comparison of several alternatives. Section 2 illustrates the methodological framework. Section 3 describes the application of the methodology to the case study; the discussion of the results is in section 4. We end the paper by offering some conclusions, highlighting the strengths and weaknesses of the proposed approach, and collecting further direction of research.
Methodological framework

Introduction on MCDA
Multiple Criteria Decision Aiding (MCDA; see Ishizaka and Nemery 2013 for a general introduction and Greco et al. 2016 for an updated and comprehensive collection of state of the art surveys), considers a set A={a,b,c,…} of alternatives evaluated with respect to a coherent family of points of view, technically called criteria, = { 1 , 2 , … , }, with : → , = 1, … , , such that, without loss of generality, we can suppose that for all , ∈ ( ) ≥ ( ) means that is at least as good as with respect to . Four different decision problems can be considered with the methodologies developed within MCDA: ranking, choice, sorting and description (Roy, 1996) . Since the only objective information stemming from the evaluations of the alternatives on the considered criteria, which is the dominance relation 2 , is quite poor, different aggregation methods have been proposed in literature based on: value functions (Keeney and Raiffa 1976) , binary relations (Brans and Vincke 1985, Roy 1996) or decision rules (Greco et al. 2001) . Value functions assign to each alternative a real value being representative of the goodness of the considered alternative with respect to the problem at hand. Binary relations are the basis of the outranking methods for which means that is at least as good as . Decision rules connect the evaluations of the alternatives on the considered criteria with the recommendations on the problem at hand. For example, "If the maximum speed of a car is at least 140 km/h and its consumption is at least 17 km/l, then the car is considered at least good". Most of the methods known in MCDA assume that the set of criteria is mutually preferentially independent (Keeney and Raiffa 1976) even if it is evident that in real applications it is not always true. Indeed, sometimes, criteria present a certain 2 a dominates b iff a is at least as good as b on all criteria and strictly better on at least one criterion [Digitare il testo] 6 degree of negative or positive interaction. On one hand, criteria and are negatively interacting if the importance assigned to this couple of criteria is lower than the sum of the importance assigned to the two criteria singularly. On the other hand, and are positively interacting if the importance assigned to this couple of criteria is greater than the sum of the importance assigned to the two criteria singularly. In order to deal with such a type of interactions, non-additive integrals are used in literature and, among them, the most well-known are the Choquet integral (Choquet 1953; see Grabisch 1996 for a survey on the application of the Choquet integral in MCDA) and the Sugeno integral (Sugeno 1974) .
Choquet integral
The Choquet integral can be considered as an extension of the known weighted sum aggregation method. It is based on a capacity (non-additive measure) being a set function : 2 → [0,1] such that the monotonicity constraints ( ( ) ≤ ( ) for all ⊆ ⊆ ) and the normalization constraints ( (∅) = 0 and ( ) = 1) are satisfied. Given a capacity and an alternative ∈ , the Choquet integral of the evaluations vector ( ) = ( 1 ( ), … , ( )) with respect to is computed as follows:
( 1) where (⋅) is a permutation of the criteria indices such that 0 = (0) ( ) ≤ (1) ( ) ≤ ⋯ ≤ ( ) and = { ( ) , … , ( ) }. To make calculations easier, a Möbius transformation of the capacity can be considered (Rota 1964 , Shafer 1976 , being another set function : 2
for all ⊆ . Considering the Möbius transformation of the capacity , the Choquet integral can be reformulated as follows
while the monotonicity and normalization constraints are written as follows:
for all ∈ and for all ⊆ ∖ { },
2 ) (∅) = 0 and ∑ ( )
The application of the Choquet integral involves the knowledge of 2 | | − 2 parameters (since (∅) = 0 and ( ) = 1), one for each subset of criteria in G. As the inference of all these parameters is quite complex, in general, only k-additive capacities are used. A capacity is said k-additive if ( ) = 0 for all ⊆ having more than k criteria. In the applications, 2-additive capacities are enough to represent the preferences of the DM. For this reason, in the following, we shall consider only 2-additive capacities. In this case, the Choquet integral of the evaluations vector ( ) = ( 1 ( ), … , ( )) takes the form
while the monotonicity and normalization constraints are the following:
, for all ∈ and for all ⊆ ∖ { }, ≠ ∅,
In this context, the importance of a criterion does not depend on itself only but also on its contribution to all coalitions of criteria. Consequently, the Shapley (Shapley 1953 ) and the interaction indices (Murofushi and Soneda 1993) can be defined as follows
Despite its diffusion in MCDA, the use of the Choquet integral presents two main drawbacks:
1) As already underlined above, 2 | | − 2 parameters need to be known. The elicitation of these parameters can be done in a direct or in an indirect way. In the direct way, the DM is asked to provide directly values for all parameters involved in the model. In the indirect way, the DM provides some exemplary statements in terms of comparisons between alternatives or criteria from which parameters compatible with these statements can be found. While the direct technique is high cognitively demanding and the DM may be asked to provide parameters on which he has no expertise, in the indirect one the DM is more confident about her answer since she is providing opinions only on cases she knows very well. 2) In order to apply eqs. (1) or (2), the evaluations of the alternatives on the considered criteria have to be expressed on the same scale. In general this is not always the case and, consequently, a procedure aiming to build a common scale has to be used.
The AHP-Choquet method , deals simultaneously with the two mentioned drawbacks. On one hand, the AHP (Saaty 1980 , Saaty 1990 ) is applied to build a common scale for the alternatives' evaluations, while, on the other hand, the NAROR (Angilella et al. 2010a ) takes into account the whole set of parameters compatible with the preferences provided by the DM in an indirect way assuming that the underlying preference model is the Choquet integral.
The Analytic Hierarchy Process
AHP is an MCDA method based on ratio scales for measuring performances on considered criteria and the importance of these criteria. The problem at hand is structured by AHP in a hierarchical way where the overall goal is set at the top of the hierarchy, the alternatives being the object of the decision are placed at the bottom of the hierarchy. The criteria on which the alternatives need to be evaluated are in the middle of the hierarchy between the overall goal and the alternatives themselves. Given n criteria, the DM is supported to provide a value for evaluations ( ), ∈ and ∈ and for the weights 1 , … , in a weighted sum aggregation. The basic idea is that it is more convenient to perform pairwise judgments rather than to give direct evaluations of performances ( ) and weights 1 , … , as experimentally seen in Millet 1997 and Por and Budescu 2017 . For this reason, using AHP, for each criterion ∈ , the DM is asked to compare each couple of alternatives { , } indicating the preferred alternative and expressing the degree of preference with a verbal judgement on a nine point scale 
Several procedures have been proposed to determine the evaluations ( ) and among them the most well-known is that one based on the computation of the right eigenvector of the ( ) matrix (Saaty 1977) , the row arithmetic mean vector, that is
and the row geometric mean vector (Crawford and Williams 1985) , that is
If the entries of the matrix would be perfectly coherent, the following conditions should be satisfied ( ) ( ) = ( ) and the right eigenvector, the row arithmetic mean and the row geometric mean should give the same evaluations ( ) , = 1, … , | |. As this is not the case in real world applications, the consistency of the judgments supplied by the DM can be tested computing the consistency ratio (CR):
is the consistency index, is the principal eigenvalue of and is the ratio index. The ratio index is the average of the consistency indices of 500 randomly filled matrices. Saaty (1977) considers that a consistency ratio exceeding 10% may indicate a set of judgments too inconsistent to be reliable and therefore recommends revising the evaluations.
The same pairwise procedure is applied on the weights to calculate the local priorities 1 , … , . Once the priorities have been obtained, the final evaluation ( ) of the alternative ∈ is obtained as
Reduction of pairwise comparisons in AHP: the new proposal
As observed in the previous section, the application of the AHP method involves
importance of criteria and ( |A| 2 ) pairwise comparisons between alternatives on each considered criterion). The amount of information asked to the DM can be quite huge even for small problems. For example, considering a problem of reasonable dimension composed of 5 criteria and 10 alternatives, the DM has to provide ( 10 2 ) + 10 ( 5 2 ) pairwise comparisons, which are 145 pairwise comparisons.
Consequently, it is quite difficult for the DM providing all these preferences because of her limited capacity of processing information (Miller 1956) . If the criterion has an objective numerical evaluation (for example the maximum speed in a decision about cars), Corrente et al. 2016 proposed to apply AHP to prioritize a small set of reference levels of the considered criterion and to build the subjective measure of attractiveness of all the evaluations on the considered criterion by linear interpolation. Here we extend that approach to the case in which the considered criterion has not an objective numerical evaluation, so that the above mentioned interpolation cannot be applied and the basic AHP should be applied asking to the DM the pairwise comparisons of each alternative with all the other alternatives. Our proposal aims to reduce the cognitive effort involved in the application of the basic AHP and can be summarized in the following procedure:
Step 1-For each criterion , we ask the DM to give a rating to alternatives in A on a common scale (for example 0-100). We shall denote by ( ) the rating provided by the DM to the alternative with respect to criterion ;
Step 2-For each criterion , the DM, in accordance with the analyst, has to fix reference evaluations (γ j1 , … , γ jt j ) on the considered common scale;
Step 3-Following Corrente et al. 2016 , the DM is therefore asked to apply the AHP to the set composed of the reference evaluations defined on
Step 2 obtaining the normalized evaluations ( ), for all = 1, … , and for all = 1, … , ;
Step 4-The rating of the evaluations provided by the DM which are not reference evaluations are obtained by interpolating the normalized evaluations got in the previous step. For each ( ) ∈ [ , +1 ], the following value is computed:
While in the original AHP method, the DM was asked to provide the pairwise comparison of all pairs of alternatives on all considered criteria, in this case she is asked to provide, at first, the rating of the alternatives on the considered criteria and applying the AHP on a small subsets of reference evaluations defined for each criterion. Observe that if the considered criterion has an objective numerical evaluation the above procedure can be applied substituting this numerical evaluation to the direct rating supplied by the DM in Step 1. In fact, this is the procedure proposed in Corrente et al. 2016 for criteria with objective numerical evaluations.
An experiment on the reliability of the proposed approach
Before applying the methodology of scale construction presented in the previous section to the real world decision problem that we shall present in section 3, we have tested it through one experiment. Here is the description of the experiment and its results. Let us to point out that analogous experiments have been performed and described in Ishizaka and Nguyen Nam (2013) and Meesariganda and Ishizaka (2017) .
We selected a group of 98 undergraduate students from the Department of Economics and Business of the University of Catania. This group was split in two subgroups of 46 and 52 students. Both groups were presented with a sheet on which ten geometrical figures (triangles, rectangles, circles, etc.) of different area were pictured (see Figure 1) . Anyway, the components of the two groups were asked to fulfil two different assignments:
1. Students belonging to the first group were asked to: -give an estimate of the area of the geometric figures B-L, knowing that the area of the geometric figure A was equal to 1, -fill in a pairwise comparison matrix related to the five geometric figures shown in figure 2, giving an evaluation of the ratio between their area using the usual 9-point qualitative scale used by AHP (in this case "equally large", "weakly larger", "strongly larger", "very strongly larger", "absolutely larger" corresponding to 1, 3, 5, 7 and 9, respectively, with 2, 4, 6, 8 being related intermediate evaluations).
2. Students belonging to the second group were asked to fill in the pairwise comparison matrix relative to all ten figures as in the original AHP method.
This assignment involved ( 10 2 ) = 45 pairwise comparisons of the different areas.
[ For the students of the first group we computed the area of the ten geometric figures according to the methodology described in section 2.4 4 , while for the students of the second group we computed their area using the usual AHP approach, that is, by computing the normalized right principal eigenvectors of the comparison matrices. Finally, denoting by and the vectors containing the real area and the estimated area of the ten geometrical figures shown in Figure 1 , respectively, we computed the mean squared error (MSE) of these two vectors , that is, . 4 Note that, in this case, the set of reference evaluations mentioned in step 3 of the procedure described in section 2.4 is the set of geometric figures shown in Figure 2 . Therefore, students belonging to the second group had to perform Let us observe that by using the procedure described in section 2.4 two different area vectors will be considered:
-the vector composed of the area estimated by the students before applying the AHP method (this is what we shall call "direct estimation in Table 1 below"), and -the vector composed of the area of the ten geometric figures estimated with the application of the whole procedure (this is what we call "Direct estimation with correction" in Table 1 below).
Moreover, we stored the time necessary to each student to complete the assigned task. We computed the mean and standard deviation of MSE and the mean and standard deviation of the time taken by each student to complete her assignment.
To clean the data from estimations not enough careful, we considered the consistency ratio of the provided pairwise matrices, computing again the mean and the standard deviation of the MSE only for students whose corresponding pairwise comparison matrices had a CR smaller than 10%. In this way we removed 12 questionnaires from the first group of students and 6 questionnaires from the second group of students. All these data are shown in Table 1 . The data in Table 1 show that considering all questionnaires, the best results, in terms of MSE, are obtained by the direct estimation. However, let us observe that there is a great standard deviation that suggests a great instability of the method. From this point of view, AHP is the most stable procedure, but its average MSE is greater than both the average MSE of the direct estimation and that one the directed estimation with correction. If, as suggested by Saaty, we consider only the pairwise comparison matrices with a CR lower than 10%, the best method is clearly the direct estimation with correction that has both the smallest MSE and the smallest standard deviation. The results of this experiment encouraged us to apply the method of direct estimation with correction using AHP to the real world problem of SH evaluation.
Non Additive Robust Ordinal Regression
Once the common scale for the evaluations of the alternatives on the considered criteria has been built, as already observed in section 2.2, one has to provide the capacity needed for the application of the Choquet integral preference model and, in general, the indirect technique is preferred by the DM. In this case, the DM is asked to provide some preferences in terms of comparisons between alternatives (a is preferred to b ( ≻ ) or a is indifferent to b ( ∼ ), or a is preferred to b more than c is preferred to d (( , ) ≻ * ( , )) etc.); or in terms of comparisons between criteria ( is more important than ( ≻ ), or and are equally important ( ∼ ) etc.) and interaction between criteria ( and are positively interacting or and are negatively interacting, etc.). Once these preference statements are translated to constraints representing them, in order to check if there exists at least one compatible measure, one has to solve the following LP problem 
Let us observe that an auxiliary variable in E is used to transform strict inequalities into weak inequalities. For example, the constraint ( ) > ( ), translating the strict preference of a over b, is transformed into the constraint
If is feasible and * > 0, where * = max s.t. , then there exists at least one capacity compatible with the preference information provided by the DM. If this is not the case, then one has to check which constraints cause the infeasibility of , by using some of the methodologies proposed in Mousseau et al. 2003 . In this case, more than one capacity could be compatible with this preferences and the choice of only one of them could be arbitrary. For this reason, Robust Ordinal Regression (ROR; see Greco et al. 2008 for the paper introducing ROR and Corrente et al. 2013 for a survey on ROR) takes into account simultaneously all the capacities compatible with the preferences provided by the DM by defining a necessary and a possible preference relation: a is necessarily preferred to b if a is at least as good as b for all compatible capacities, while a is possibly preferred to b if a is at least as good as b for at least one compatible capacity. Considering the two sets of constraints ) a is necessarily preferred to b if is infeasible or ≤ 0, where = max s.t. , while a is possibly preferred to b if is feasible and >0, where = max s.t. .
Once one gets the necessary and possible preference relations, the most representative value function can be computed (Angilella et al. 2010b) . It is a value function compatible with the preferences provided by the DM summarizing the results got from the ROR since, on one hand, it maximizes the difference between alternatives a and b such that a is strictly necessarily preferred to b, while, on the other hand, it minimizes the difference between alternatives a and b such that neither a is necessarily preferred to b nor the vice-versa. Details on the computation of the most representative value function can be found in Angilella et al. 2010b .
The case study
In this section, the proposed methodological approach is illustrated with a Social Housing (SH) projects ranking. The issue of SH is currently challenging all over Europe and is characterized by specific peculiarities. The houses destroyed during the conflict characterized the housing issue that affected Europe in the second post-war period. In this sense this phenomenon could be identified as "housing deprivation". By contrast, the current housing crisis does not derive from a shortage of available properties but is the result of a social, economic and cultural change. The distinctive features of this crisis affect a wide segment of the population, also involving the middle classes. In fact, the so-called "grey zone", also known as "inwork poverty population", is composed of subjects in a situation of housing vulnerability or who need transitory housing solutions. The subjects belonging to the "grey zone" are identified as the people who cannot access to the real estate market but at the same time are not eligible to access the public housing programs: hidden homeless, immigrants, internal migrants, city users, single-earner families, the elderly, people subject to eviction, single parents, former prisoners. The new growing housing demand is therefore characterized by high economic and social fragility (Wills and Linneker 2014) . The rebalancing of the relationship between the number of households and the number of inhabitants is not dealt with but rather an attempt is made to lessen the gap between access to the housing market and the real disposable budget income of the households. It is also expected that the size that this phenomenon has reached in recent years will show no sign of declining in the medium-long term in many European Countries, and it will probably cause a severe crisis in the welfare system and in the real estate market. Despite real estate investments being closely linked to the urban, regulatory and economic contexts in which they are applied, it is possible to recognise synergies and shared features in defining elements of this housing crisis across the European Union (EU) member states, namely:
 the desire and need to provide affordable housing through the construction and lease of homes (Crook and Kemp 2014 , Whitehead et al. 2012 , Oxley 2012 , Haffner and Heylen 2011 ;
 the definition of target groups either in socio-economic terms or in relation to other kinds of vulnerability;
 the pursuit of housing quality by achieving energy efficiency standards and reducing social exclusion (Czischke and Pittini 2007) . Since the demand for social/temporary housing is increasing and it is rapidly changing all over Europe due to the recent global recession, a series of problems need to be solved to streamline and modernize policies and procedures. These are:
 Managing the growing and complex demand of low-cost housing;  Managing the limited financial resources to be allocated in SH initiatives;  Tackling the lack of an interconnection between the citizens and the Public Sector (PS). To address this social challenge, it seems necessary to overcome the logic of conventional SH policies (Lami and Abastante 2017) .
In this complex panorama, the methodological approach illustrated in section 2 has been applied to an Italian case study, as a possible approach to tackle the selection of SH projects, starting from the experience of the Programma Housing (Torino, Italy). The Programma Housing is an operating entity of the Italian Bank Foundation Compagnia di San Paolo active in the SH sector. One of its main activities is the selection process aimed at screening large funding requests from third bodies that submit innovative SH projects (from 2007, 6 ,150,000 euros have been allocated).
The nature of the current process is complex and requires a detailed consideration of internal and external factors as well as a lot of decision criteria and alternatives. Moreover the projects submitted are characterized by a double identity: i) a technical identity related to the construction or redesign of the existing buildings to respond to the housing needs; ii) a social identity related to the social help needed by the people hosted in the SH projects. Indeed, one of the distinctive features of the SH is the presence of social help activities devoted to beneficiaries in order to integrate them in the society. Due to the aforementioned intrinsic identities, each SH project is unique, making the selection process extremely delicate and difficult. The activities conducted by the Programma Housing turned out to be interesting and challenging to apply the methodological approach developed in this study for several reasons: i) the huge amount of alternatives and decision criteria to be evaluated and compared; ii) the heterogeneous nature of quantitative and qualitative decision criteria; iii) the uniqueness of the SH projects; iv) the possibility to interface with the DMs involved in the actual selection process. The methodological approach developed has been applied to the ranking process of the selection decision for the Programma Housing. The ranking process here presented involved eight interactions with the DMs, the first one in September 2015 and the last one in June 2016, making the process nine month long (Table 2) . Due to the confidential nature of the Programma Housing data, it took some time to start up the process with the DMs. As highlighted in Table 2 , the first interaction aimed at illustrating the methodological approach in order to give the DMs all the needed information to decide whether they were interested or not in our research. The second interaction was devoted to solve confidentiality matters related to the SH projects so far financed from the Programma Housing. After the aforementioned discussions, the DMs showed to be interested in the methodological approach reported in this paper and therefore they gave us access to the SH projects data. It is important to underline that the ranking process reported in the next sections constitutes a methodological application based on SH projects already financed by the Programma Housing. Nevertheless, thanks to the proved availability of the DMs, we aim at applying it during a future actual selection process.
Structuring of the decision process
In order to start the ranking process, it was necessary to define the set of alternative SH projects to be considered as well as the decision criteria. According to the DMs suggestion acquired, we decided to apply the methodological approach to 21 SH projects located in the Piedmont Region (Italy) and financed by the Programma Housing between 2012 and 2014. The reasons for choosing those projects among others are mainly related to the presence of both technical and social aspects and the availability of homogeneous information. In this sense, the SH projects are heterogeneous but comparable at the same time.
The following steps required an interaction with the DMs in order to define the decision criteria. It is interesting to stress out that the DMs rethought to their own procedure, starting from the actual selection process conducted by the Programma Housing and involving 18 decision criteria. As a matter of fact, the DMs decided to aggregate and reduce the decision criteria from 18 to 10 since they realized that some criteria were redundant. The decision criteria are described in Table in which the column "Max Score" reports the maximum score that each project can reach in terms of each criterion performance. From Table it is possible to notice that the DMs decided to consider 5 criteria with social connotation and 5 criteria with technical connotation in order to balance the ranking process. The set of considered SH projects and their evaluations with respect to the considered decision criteria are shown in Table 4 . It is important to stress out that the performances' evaluations of the SH projects reported have been assigned by the DMs during the actual selection processes conducted in 2012 and 2014 (step 1 of the proposed methodology). The performances' evaluations have been in turn converted and aggregated in order to consider the decision criteria described in Table 3 . In Table 4 , the column "ID" identifies the SH projects considered through codes since it is not possible to report the projects' names due to privacy constrictions. 
Application of the proposed methodological approach
After structuring the ranking process and having all the needed information, we applied the proposed methodological approach described in Section 2.4. First of all, in order to use the Choquet integral preference model and, consequently, the NAROR, the evaluations of each project with respect to the decision criteria need to be expressed on a common scale. This is possible by using the AHP (Saaty 1980 , Saaty 1990 ) but it would require 210 pairwise comparisons for each one of the 9 criteria without a pre-existing numerical evaluation considered criteria leading to a total of 1,890 pairwise comparisons. In order to reduce the cognitive effort of the DMs, we proposed them to apply the AHP only to a set of reference evaluations on the scale of each criterion and to determine the normalized value of the evaluations on the 21 SH projects considered by using the procedure described in Section 2.4. Therefore, we carried out two different discussions with the DMs to define the set of reference evaluations (step 2 of the methodology) and we asked them to compare the values shown in Table 5 (step 3 of the methodology). It should be mentioned that the definition of the reference evaluations could be fixed with a non "standardized" procedure taylor-made for each criterion of the decision problem. In our case this developed an interesting discussion among DMs: approaching their choices in this way, they were forced to rethink the entire evaluation process and/or to clarify some steps that are often intuitively conducted. As a consequence, the pairwise comparisons asked to the DMs were:
 6 for the 4 reference evaluations of the criteria C1, C4, C6, C7, C8, C9 and C10;  10 for the 5 reference evaluations of the criterion C2, C3 and C5, which gave a total of 72 pairwise comparisons. Two examples of the pairwise comparisons given by the DMs during the aforementioned discussions are reported in Table 6 . Considering the normalized evaluation of the reference points obtained by the AHP (Table 7 ) and interpolating them as described in Section 2.4, we were able to obtain the normalized evaluations of the 21 SH projects considered with respect to all criteria reported in Table 8 (step 4 of the methodology). For example, to obtain the normalized value of the SH project P1 with respect to the criterion C5 (Euros/Beds), first of all we observed that its evaluation (7,500 euro) is in the interval of the references for C5 whose extremes are 5,000 euro and 10,000 euro. Since the normalized evaluations of the two reference evaluations obtained by AHP are 0.5473 and 0.2314, applying the equation (1) we get the normalized evaluation of C5 for the SH project P1 as follows:
(7.500) = (5,000) + (10,000)− (5,000) (10,000)−(5,000) (7,500 − 5,000) = 0.3894. Figure 3 shows how the normalized values for the whole scales of all the considered criteria. As one can observe, the AHP was necessary to put all reference evaluations on the same scale. Indeed, the ten subfigures show that the preferences provided by the DMs are far from being linear. 
Definition of the interactions between considered criteria
To take into account the interaction between criteria, we applied the Choquet integral preference model. Therefore, considering the indirect preference information, a further meeting with the DMs was needed. During this meeting the DMs defined the preference information about the interaction between criteria. The 9 interactions provided are the:
1. Human resources (C7) and Synergies (C10) are positively interacting ((C7,C10) ≥ ).
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The DMs affirmed that this interaction reflects the ability of the SH projects to activate synergies and networks with the human resources already operating on the territory. In this sense, the project reduces the economic costs of the human resources. 2. Clarity and innovation (C6) and Economic sustainability (C9) are positively interacting ((C6,C9) ≥ ).
According to the DMs suggestions, a well-structured and innovative SH project has the ability to attract private finances and it is therefore economically sustainable in a long-term period.
3. Beds (C3) and Euro/Beds (C5) are positively interacting ((C3,C5) ≥ ).
The DMs affirmed that a valuable SH project should contain the costs in terms of euro/beds but, at the same time, increase the number of beds provided. 4. Beds (C3) and Economic sustainability (C9) are positively interacting ((C3,C9)
The logical consequence of projects having a low number of beds is the low income coming from rents. As a matter of fact, a SH project is valuable for the DMs if it can ensure an economic sustainability in long-term period even in such circumstances. 5. Human resources (C7) and Economic sustainability (C9) are positively interacting ((C7,C9) ≥ ).
In general, the economic sustainability of the SH projects requires an intricate administration, which needs in turn a huge amount of human resources. The interaction here described reflects the ability of some SH projects of ensure an economic sustainability in long-term period having few human resources.
Beds (C3) and Human resources (C7) are positively interacting ((C3,C7) ≥ ).
The DMs affirmed that this is a fundamental interaction because it contains the core of the SH concept; a sensible number of beds together with low human resources for the social activities means that the beneficiaries are autonomous as requested by the SH philosophy. 7. Overall consistency (C1) and Clarity and innovation (C6) are positively interacting ((C1,C6) ≥ ).
Following the DMs reasoning, a clear and innovative SH project can only work if the location of the buildings, the internal/external spaces and the shared rooms are suitable to receive innovative social activities. Indeed, the SH projects are usually destined for people facing physical or psychological fragilities and requiring for specific social activities and spaces. In this sense, the Programma Housing pays attention to the concrete correspondence among the technical characters of the spaces and the social activities expected. 8. Beds (C3) and Economic consistency (C4) are positively interacting ((C3,C4) ≥ ).
The DMs affirmed that providing a huge amount of beds as well as containing the economic consistency of the SH projects is usually a difficult task. Therefore, they decided to attribute a bonus to the projects reaching this objective. 9. Clarity and innovation (C6) and Human resources (C7) are positively interacting ((C6,C7) ≥ ).
The DMs expressed their interest in innovative SH projects having a low amount of human resources. Usually, if the social activities planned in a SH project are very innovative, they could host also heterogeneous beneficiaries as, for example, young couples and elderly people. This means that people who needs for social help and people who don't, could help each other. In this sense, the human resources needed to manage the social activities are reduced and the related costs are cut down.
Definition of the first rankings of decision criteria and alternative SH projects
During the same meeting, the DMs were also asked to provide an order on the decision criteria in terms of their importance. After a long discussion, they decided to provide two different orders according to the social and technical criteria. The preference orders are the following: -Importance order of social decision criteria: C8≻ C7≻ C6≻ C9≻ C10; -Importance order of technical decision criteria: C1≻ C4≻ C2≻ C5≻ C3.
According to the interactions between criteria and to the order in terms of importance of social and technical criteria so far provided, we were able to present the DMs a first comprehensive order of the decision criteria according to their importance as measured by the Shapley value on the capacity obtained computing the most representative value function (Table 9 ). A first ranking of the alternative SH projects, obtained by the most representative value function has been also presented to the DMs (Table 10) . After seeing the two rankings (Tables 9 and 10 ), the DMs decided to add some information so far provided. The DMs stated that there were sensible differences among their thoughts and the rankings provided, according to their knowledge about the SH projects.
Definition of the final rankings of decision criteria and alternative SH projects
Despite the doubts of the DMs about the two rankings, at this phase of the process they were able to provide further information useful to come to more accurate results, as: -An overall ranking of the decision criteria according to their importance expressed as follows:
C8≻ C1≻ C7≻ C6≻ C4≻ C2≻ C9≻ C5≻ C10≻ C3;
-A preference order on some SH projects that they were informed about. After a long internal discussion, the DMs arrived at the following preference order:
Moreover, the DMs agreed on the fact that the 6 SH projects above are preferred to the other 15 alternative projects.
Denoting by the set composed of all different SH projects, this preference information is translated to the following linear inequalities:
Considering the preference information about the interaction between criteria (provided in Section 3.2.1) together with the overall ranking of the decision criteria and the preference SH project previously described, we were able to show to the DMs further results. A final ranking of the decision criteria according to their importance as measured by the Shapley value has been calculated (Table 11) . 
Discussion of the results
It is possible to comment the results obtained by comparing the first and final rankings of the importance for the decision criteria (Table 9 and Table 11 ) and comprehensive evaluation of alternative SH projects (Table 10 and Table 12 ). It is important to remind that the first rankings were based on the preference information about interactions between criteria and two distinct importance ranking of social and technical criteria, while the final rankings were based on the interactions between criteria, the importance ranking of all criteria and the preference on some SH projects expressed by the DMs.
With respect to the importance rankings of decision criteria provided by the proposed methodological approach, we can state that few differences emerge. Looking at the first three positions of both importance rankings of decision criteria (Table 13) , outwardly we can say that the only difference is related to the third position occupied by the criterion C4 (Economic consistency) in the first ranking and the criterion C7 (Human resources) in the final one. However it is important to highlight the differences in terms of Shapley index. Indeed, in considering the two different criteria rankings, criterion C8 is the most important one but its difference from the second (C1) is lower than the difference between the same criteria in the final importance ranking of the criteria. In this second case, C8 is, without any doubt, the most important criterion while C1 and C7 are quite similar. In fact, according to the new information provided by the DMs, the importance of the criterion C8 (Social tools and methodologies) with respect to the criterion C1 (Overall consistency) substantially increases in the final decision criteria ranking (the difference of Shapley index between C8 and C1 is increased 4 times). Moreover, the Shapley index of the criterion C7 is almost equal to the Shapley index of the criterion C1.
It is interesting to notice that the criterion C8 is always considered the most important one even if it is never mentioned in the preference information about the interaction between criteria (Section 3.2.1) given by the DMs. This means that the performance of the SH projects on the criterion C8 are fundamental for the assessment process.
With respect to the alternative SH projects rankings provided, sensible differences can be noticed (Table 14) . A change in the preference orders between the first and the final alternative rankings is immediately recognisable. In fact, the only project appearing in the two rankings is P1, which obtains the second position in the first ranking and the first position in the final one.
First ranking analysis
In order to better understand the meaningfulness of the first ranking results reported in Table 14 , the projects P11, P1, P19 have been analysed according to:
 the performance of each project (Table 8 ) with respect to the criteria C8, C1 and C4 (resulting as the most important ones in the first decision criteria ranking);
 the interaction between criteria given by the DMs and involving the three aforementioned criteria.
The project P11 (with a Choquet integral value of 0.5733) shows very good performances on criterion C8 (0.8236) and C1 (0.8199) and good performances on criterion C4 (0.6941). Moreover, as stated by the DM, C1 and C6 are positively interacting and the performances of P11 on these two criteria are excellent (0.8199 and 1, respectively). In line with this analysis, it seems therefore justified to see P11 in the first position of the first ranking. The project P1 (with a Choquet integral value of 0.5311) has low performances on criterion C8 (0.4695) but very good performances on C1 (0.8199) and excellent on C4 (1). Because of the positive interaction between C3 and C4 stated from the DM and the good performances of P1 on these two criteria (both of them equal to 1), its second position can be partly justified by the low performance on C8. Analogously, the project P19 (with a Choquet integral value of 0.4617) has very low performances about C8 (0.2903). This permits it to attain the third position of the first ranking. In fact, the performances of this project on criteria C1 and C4 are identical to that ones of project P1.
Final ranking analysis
In the same way, we explored the final ranking results reported in Table 14 . The projects P1, P4 and P10 have been analysed according to:
o the performance of each project (Table 8 ) with respect to criteria C8, C1 and C7 (resulting as the most important ones in the final decision criteria ranking);
o the interaction between criteria given by the DMs and involving the three aforementioned criteria.
The performances of the project P1 (with a Choquet integral value of 0.5516) with respect to criteria C8 and C1 are identical to the ones mentioned for the first ranking. The performances of this project on criterion C7 (0.4344) are very low. However, due to positive interactions of C7 with the criteria C9, C3 and C6 expressed from the DM, the project P1 gets the first position of the final ranking. It is important to highlight that this project has been also specified as the most important one by the DMs in the preference order on some SH projects that they were informed about. The project P4 (with a Choquet integral value of 0.5466) shows very low performances on C8 (0.1111) while that ones on C1 are excellent (1). Moreover, the positive interaction between C1 and C6 and its good performances on these two criteria (1 and 0.7315) give an added value to this project. It is important to notice that the overall performances of P1 and P4 are very similar in terms of the Choquet values. In case of P4, the preference information expressed in terms of ranking of some SH projects turned out to be fundamental for the position of this project in the final ranking. In fact, if we do not consider this information, the project P4 would result better than P1 according to the other information. The project P10 (with a Choquet integral value of 0.4543) has low performances on C8 (0.3351), very good performances on C1 (0.6398) and excellent performances on C7 (1).
Starting from the analyses of the first and the final rankings it is possible to provide general reflections. First, criterion C8 (Social tools and methodologies) is confirmed being the most important because of its intrinsic nature. In fact, even if it does not show interactions with other criteria, good performances on criterion C8 are fundamental for a SH project to reach the top of the rankings. This is in line with the actual selection process adopted by the Programma Housing for which criterion C8 can contribute with a very high maximum score to the comprehensive evaluation of SH projects (Table 3) . Moreover, this reflections agree with the SH basic idea considering the social tools and activities indispensable for the SH projects.
Second, criterion C7 (Human resources) showed to be fundamental in the second ranking due to its numerous interactions with other criteria, which are able to support the performances of C7. Finally, the emerged differences between the first and the final rankings highlight the importance of the information provided by the DMs. In fact, the final rankings are based on different and more accurate information with particular reference to the preference order on some SH projects stated by the DMs. In this sense, the further information acquired for the final ranking has been fundamental to come to sensible and interesting results for the DMs.
Conclusions
In this paper we progressed both from the methodological and from the application point of view in Multiple Criteria Decision Aiding (MCDA). On one hand, a development of the Analytic Hierarchy Process (AHP) has been provided. It permits to use AHP also in case of decision problems presenting a high number of alternatives or criteria since it reduces the cognitive effort asked to the Decision Maker (DM) in a considerable way. The new proposal is composed of four different steps: (i) estimate of the performances of the considered alternatives on each criterion; (ii) definition of some reference evaluations for each considered criterion in accordance with the analyst; (iii) pairwise comparison of the reference evaluations by using the AHP method; (iv) interpolation of the values obtained by AHP in the previous step in order to get the normalized evaluations of all alternative performances. The new proposal has been tested on a group of undergraduate students belonging to the University of Catania and the test confirmed the goodness of the proposed methodology that permits to build a common scale of evaluations on all considered criteria.
On the other hand, the new proposal, that has been integrated with the Choquet integral and the Robust Ordinal Regression under a unified framework, has been applied to a real world problem being the evaluation of alternative Social Housing projects sited in the Piedmont region (Italy). Scholars have viewed that SH needs to be informed by increasingly sophisticated conceptions that treat the setting as a complex, multidimensional field, with social, economic and financial balance, environmental and quality of life issues. This is the realm, where the concepts get fuzzier, therefore requiring the use of new methods and theory that draws in new category to study. In this sense the application illustrated in the paper, which involved an interaction with different DMs that was nine months long, showed how the proposed method can help to have a better understanding of the problem at hand. The methodology proved to be useful in: i) stimulating the discussion with the stakeholders; ii) re-thinking about the decision criteria; iii) re -thinking about the reference levels.
The procedure conjugates the advantages of AHP in building a measurement scale and the advantages of the Choquet integral in handling interaction between criteria.
In this context, the adoption of NAROR seems very beneficial because it permits to avoid focusing on only one capacity, which can be misleading for the reliability of the final decision.
We want also to underline that the proposed procedure permits to apply AHP also in decision problems with a large number of elements to be compared. Therefore, we believe that our proposal of a parsimonious version of AHP can be considered a relevant contribution for the basic theory and application of AHP.
